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Most theoretical studies of topological superconductors and Majorana-based quantum computation rely on a
mean-field approach to describe superconductivity. A potential problem with this approach is that real super-
conductors are described by number-conserving Hamiltonians with long-range interactions, so their topological
properties may not be correctly captured by mean-field models that violate number conservation and have short-
range interactions. To resolve this issue, reliable results on number-conserving models of superconductivity are
essential. As a first step in this direction, we use rigorous methods to study a number-conserving toy model of a
topological superconducting wire. We prove that this model exhibits many of the desired properties of the mean-
field models, including a finite energy gap in a sector of fixed total particle number, the existence of long range
Majorana-like correlations between the ends of an open wire, and a change in the ground state fermion parity
for periodic vs. anti-periodic boundary conditions. These results show that many of the remarkable properties
of mean-field models of topological superconductivity persist in more realistic models with number-conserving
dynamics.
Introduction: Topological superconductors (TSCs) host-
ing unpaired Majorana fermions [1, 2] are of great interest
as a potential platform for fault-tolerant quantum computa-
tion. However, most studies of TSCs rely on a mean-field
(or Bogoliubov-de Gennes) approach to describe supercon-
ductivity. Recently, A.J. Leggett and others have questioned
the validity of this approach for quantum computing appli-
cations [3–7]. A key concern is that real superconductors
are described by number-conserving Hamiltonians with long-
range interactions, so their topological properties may not
be correctly captured by mean-field Hamiltonians that violate
number-conservation and have short-range interactions.
To resolve this issue, we need reliable results on number-
conserving models of topological superconductors. In this
paper we provide such results for a toy model of a one-
dimensional (1D) TSC. We rigorously prove that this model
possesses many of the desired properties of the mean-field
models, including a finite energy gap in a sector of fixed total
particle number, long range “Majorana-like” correlations be-
tween the ends of an open wire, and a change in the ground
state fermion parity for periodic vs. anti-periodic boundary
conditions (a “fermion parity switch”). In addition, the su-
perconductivity in our model is proximity-induced, and so our
results are directly relevant for current experimental platforms
for TSCs [8–18].
The problem of number conservation and topological su-
perconductivity has been investigated previously using sev-
eral approaches including bosonization [19–25] and exactly
solvable models [5, 26–30] (for additional approaches see
[6, 7, 31–33]). The first approach gives general results on low-
energy field theory models, but requires various approxima-
tions. The second approach gives rigorous results on concrete
microscopic models, but only for a fine-tuned set of parame-
ter values. Our approach differs from these previous works in
several ways. Most importantly, we provide rigorous results
on a concrete microscopic model, and our results hold for a
wide range of parameter values (no fine-tuning). In addition,
our model has true superconducting order, as opposed to the
1D quasi-long range order present in Refs. 19–25.
Review of the mean-field model: We start with a review of
the standard mean-field model of a 1D TSC: the Kitaev p-
wave wire model [1]. This model consists of spinless fermions
cˆj on the sites j ∈ {1, . . . , L} of a wire of length L, and the
Hamiltonian with open boundary conditions takes the form
HˆMF =− t
2
L−1∑
j=1
(cˆ†j cˆj+1 + h.c.)−
∆
2
L−1∑
j=1
(cˆj cˆj+1 + h.c.)
− µ
(
Nˆw − L
2
)
, (1)
where Nˆw =
∑L
j=1 cˆ
†
j cˆj is the total number operator (“w”
stands for “wire”), t > 0 and ∆ are energies for nearest neigh-
bor hopping and pairing, respectively, and µ is the chemical
potential. This model is in its topological phase for |µ| < t
and ∆ 6= 0. In this phase, and with open boundary conditions,
HˆMF has a unique ground state and a finite energy gap in each
sector of fixed fermion parity. The two lowest energy states
with opposite fermion parity are nearly degenerate (their split-
ting is exponentially small in L [1, 34]), and this degeneracy
is related to the presence of Majorana fermions localized near
the ends of the wire.
The properties of this model are easiest to see at the spe-
cial point t = ∆ and µ = 0. At this point HˆMF commutes
with the Majorana fermion operators aˆ1 = −i(cˆ1 − cˆ†1) and
bˆL = cˆL + cˆ
†
L localized on sites 1 and L, respectively. As a
consequence, HˆMF has two degenerate ground states |±〉 (with
fermion parity ±1) that satisfy iaˆ1bˆL|±〉 = ±|±〉. This prop-
erty implies the existence of a long range correlation
〈±|iaˆ1bˆL|±〉 = ±1 = fermion parity (2)
in the ground states |±〉 [35–40]. This effect is sometimes
called “teleportation” because there is a finite amplitude, in
the states |±〉, to annihilate a fermion at one end of the wire
and simultaneously create a fermion at the other end. This
correlation is also responsible for the 4pi-periodic Josephson
effect [1, 41], which is believed to be a key physical signature
of the topological superconducting phase.
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FIG. 1. A fermionic wire on top of a bulk superconductor (SC). The
operator nˆ counts the number of Cooper pairs in the bulk SC.
A number-conserving model: We now introduce the
number-conserving model studied in this paper. We again
consider fermions cˆj on a wire of length L, and we also intro-
duce an additional degree of freedom to model a bulk super-
conductor (SC) proximity-coupled to the fermionic wire (see
Fig. 1). This new degree of freedom is comprised of number
and phase operators nˆ and φˆ that are canonically conjugate
to each other, [nˆ, eiφˆ] = eiφˆ. Physically, nˆ counts the num-
ber of Cooper pairs in the bulk SC, and e±iφˆ adds/removes a
Cooper pair from the bulk SC. The Hilbert space HSC of the
number/phase degree of freedom is spanned by the states |p〉,
p ∈ Z, obeying nˆ|p〉 = p|p〉 (and e±iφˆ|p〉 = |p± 1〉).
The conserved total particle number operator in our model
is
Nˆ = Nˆw + 2nˆ , (3)
where Nˆw =
∑L
j=1 cˆ
†
j cˆj as before, and the factor of two is
present because nˆ counts the number of Cooper pairs. The
Hamiltonian for our model consists of two terms:
Hˆ = Hˆ0 + Vˆ . (4)
The first term, Hˆ0, is a number-conserving version of the
mean-field Hamiltonian HˆMF,
Hˆ0 =− t
2
L−1∑
j=1
(cˆ†j cˆj+1 + h.c.)−
∆
2
L−1∑
j=1
(cˆj cˆj+1e
iφˆ + h.c.)
−µ
(
Nˆw − L
2
)
. (5)
We see that all pairing terms in Hˆ0 are now accompanied by
a factor of e±iφˆ to ensure commutation with Nˆ (when two
fermions leave the wire they become a Cooper pair in the SC,
and vice-versa). The second term in Hˆ is a charging energy
term for the bulk SC,
Vˆ = Ec(2nˆ− 2nc)2 = 4Ec(nˆ− nc)2 , (6)
where
Ec =
Ec
L
, (7)
and Ec is a rescaled charging energy that we will hold fixed
as L → ∞. This scaling of Ec with L reflects the physical
(Coulomb) scaling of the charging energy for a bulk SC with
linear dimensions comparable to that of the wire. The param-
eter nc is the preferred number of Cooper pairs in the bulk SC
when it is isolated (i.e., not attached to the fermionic wire).
We do not necessarily assume that nc is an integer.
We now review some properties of this model at zero charg-
ing energy, Ec = 0. As we show in the Supplemental Mate-
rial, the eigenstates of Hˆ0 in the sector with fixed total particle
number Nˆ = M are in one-to-one correspondence with the
eigenstates of HˆMF in the sector with fermion parity (−1)M ,
and the corresponding energy eigenvalues are identical.
As in the mean-field case, Hˆ0 simplifies greatly at the spe-
cial point t = ∆ and µ = 0. Let us denote Hˆ0 at this point
by Hˆ0,∗, and let |χ(M)0,∗ 〉 be the ground state of Hˆ0,∗ in the
M -particle sector. One can show that Hˆ0,∗ commutes with
the pair of “Majorana-like” operators Aˆ†1 = −i(eiφˆcˆ1 − cˆ†1)
and BˆL = cˆL + e−iφˆcˆ
†
L [42]. The operator iAˆ
†
1BˆL is
Hermitian and squares to the identity, and it is the number-
conserving analog of iaˆ1bˆL from the mean-field case. In
addition, |χ(M)0,∗ 〉 is an eigenstate of iAˆ†1BˆL with eigenvalue
(−1)M : i.e. iAˆ†1BˆL|χ(M)0,∗ 〉 = (−1)M |χ(M)0,∗ 〉. This implies
the existence of a long range Majorana-like correlation,
〈χ(M)0,∗ |iAˆ†1BˆL|χ(M)0,∗ 〉 = (−1)M , (8)
which is the number-conserving analog of Eq. (2). This shows
that long range correlations between the ends of the wire also
occur in the number-conserving model when Ec = 0. One of
our main results is that this correlation survives for Ec 6= 0.
Results in a simple case: We first present our results in the
special case where t = ∆, µ = 0, andM−2nc = L2 (we work
in the M -particle sector), as this case illustrates the physi-
cal content of our results without introducing any unnecessary
complications. We have already discussed the simplifications
that occur at t = ∆ and µ = 0. The significance of the final
condition M − 2nc = L2 is that at this point the charging en-
ergy term Vˆ prefers the wire to have the same filling as in the
ground state of Hˆ0,∗, namely a filling equal to L2 . (We discuss
this point in more detail below when we present our general
results). We now state our results in this simple case. For
technical reasons, we assume here that L is even and L > 2.
The mean-field model has a unique ground state and a finite
energy gap in a sector of fixed fermion parity. Our first theo-
rem shows that, for small enough Ec, the number-conserving
model has a unique ground state and a finite energy gap in a
sector of fixed total particle number.
Theorem 1 (energy gap). If Ec < 4∆, then Hˆ has a unique
ground state in the M -particle sector. In addition, the energy
gap δ(M) of Hˆ in theM -particle sector is bounded from below
as
δ(M) ≥ ∆− Ec
4
, (9)
and this bound holds for all system sizes L.
3Our second theorem shows that, for small enough
Ec, the Majorana-like correlation of Eq. (8) persists in
the full number-conserving model, in the sense that
(−1)M 〈ψ(M)0 |iAˆ†1BˆL|ψ(M)0 〉 is bounded from below by a fi-
nite positive constant as L→∞.
Theorem 2 (Majorana-like correlation). Assume that the con-
ditions of Theorem 1 are satisfied, and let |ψ(M)0 〉 be the
unique ground state of Hˆ in the M -particle sector. Then
(−1)M 〈ψ(M)0 |iAˆ†1BˆL|ψ(M)0 〉 ≥ 1−
Ec
2∆
. (10)
and this bound holds for all system sizes L. In particular, the
function 1− Ec/(2∆) is positive for Ec < 2∆.
Proof of Theorem 1: This proof uses the positivity of the
charging energy term Vˆ . Let E(M)0 ≤ E(M)1 ≤ E(M)2 ≤ · · ·
and (M)0 ≤ (M)1 ≤ (M)2 ≤ · · · be the eigenvalues of Hˆ
and Hˆ0, respectively, within the M -particle sector. Then the
positivity of Vˆ implies that (M)a ≤ E(M)a ∀ a ∈ {0, 1, 2, . . . }
(Corollary 4.3.12 in Ref. 43). In addition, if |χ(M)0 〉 is the
ground state of Hˆ0 in the M -particle sector, then, by the vari-
ational theorem, we have E(M)0 ≤ (M)0 + 〈χ(M)0 |Vˆ |χ(M)0 〉.
By combining this result with the bounds implied by the pos-
itivity of Vˆ , we find that E(M)1 − E(M)0 ≥ (M)1 − (M)0 −
〈χ(M)0 |Vˆ |χ(M)0 〉, or
δ(M) ≥ δ(M)0 − 〈χ(M)0 |Vˆ |χ(M)0 〉 , (11)
where δ(M) = E(M)1 − E(M)0 and δ(M)0 = (M)1 − (M)0 are
the energy gaps (in the M -particle sector) of Hˆ and Hˆ0, re-
spectively. This inequality holds for general parameter values
t,∆, µ, Ec, and nc, and it implies that Hˆ has a unique ground
state in the M -particle sector if δ(M)0 > 〈χ(M)0 |Vˆ |χ(M)0 〉.
To complete the proof we need to compute 〈χ(M)0 |Vˆ |χ(M)0 〉.
At this point we specialize to t = ∆, µ = 0, and M − 2nc =
L
2 , and so the state |χ(M)0 〉 = |χ(M)0,∗ 〉 is the ground state of
Hˆ0,∗. We can compute 〈χ(M)0,∗ |Vˆ |χ(M)0,∗ 〉 exactly using Eq. 4.10
in the Supplemental Material, and we find that
〈χ(M)0,∗ |Vˆ |χ(M)0,∗ 〉 = Ec〈χ(M)0,∗ |
(
Nˆw − L
2
)2
|χ(M)0,∗ 〉
=
Ec
4
, M = even or odd . (12)
Finally, using the fact that δ(M)0 = ∆ for t = ∆ and µ = 0,
we arrive at the result of Theorem 1.
Proof of Theorem 2: The proof of Theorem 2 is based on
a result (Claim 1) that bounds the overlap of the ground state
|ψ(M)0 〉 of Hˆ with the ground state |χ(M)0 〉 of Hˆ0. We prove
Claim 1 in the Supplemental Material.
Claim 1. Assume that δ(M) = E(M)1 − E(M)0 is positive:
δ(M) > 0. Then
|〈χ(M)0 |ψ(M)0 〉|2 ≥ 1−
〈χ(M)0 |Vˆ |χ(M)0 〉
δ
(M)
0
, (13)
and this result holds for general values of the parameters
t,∆, µ, Ec, and nc.
We now use Claim 1 to prove Theorem 2. We again spe-
cialize to t = ∆, µ = 0, and M − 2nc = L2 , and so |χ(M)0 〉
is again the ground state |χ(M)0,∗ 〉 of Hˆ0,∗. We also define the
projectors Pˆχ = |χ(M)0,∗ 〉〈χ(M)0,∗ | and Qˆχ = 1 − Pˆχ, and we
note that [Pˆχ, iAˆ
†
1BˆL] = 0.
We first prove the theorem for even M . Using
iAˆ†1BˆL|χ(M)0,∗ 〉 = (−1)M |χ(M)0,∗ 〉 and [Qˆχ, iAˆ†1BˆL] = 0, we
have
〈ψ(M)0 |iAˆ†1BˆL|ψ(M)0 〉
= 〈ψ(M)0 |iAˆ†1BˆLPˆχ|ψ(M)0 〉+ 〈ψ(M)0 |iAˆ†1BˆLQˆχ|ψ(M)0 〉
= |〈χ(M)0,∗ |ψ(M)0 〉|2 + 〈ψ(M)0 |QˆχiAˆ†1BˆLQˆχ|ψ(M)0 〉
≥ |〈χ(M)0,∗ |ψ(M)0 〉|2 − 〈ψ(M)0 |Qˆ2χ|ψ(M)0 〉 , (14)
where we used the fact that 〈ϕ|iAˆ†1BˆL|ϕ〉 ≥ −〈ϕ|ϕ〉 for any
state |ϕ〉 (since the eigenvalues of iAˆ†1BˆL are 1 and −1). The
last line can be rewritten in the form
〈ψ(M)0 |iAˆ†1BˆL|ψ(M)0 〉 ≥ 2|〈χ(M)0,∗ |ψ(M)0 〉|2 − 1 . (15)
For odd M we again use iAˆ†1BˆL|χ(M)0,∗ 〉 = (−1)M |χ(M)0,∗ 〉, but
now we use 〈ϕ|iAˆ†1BˆL|ϕ〉 ≤ 〈ϕ|ϕ〉 for any state |ϕ〉. We then
find that
〈ψ(M)0 |iAˆ†1BˆL|ψ(M)0 〉 ≤ −2|〈χ(M)0,∗ |ψ(M)0 〉|2 + 1 . (16)
We now use Claim 1 to replace |〈χ(M)0,∗ |ψ(M)0 〉|2 in these in-
equalities with its lower bound. The result for either parity of
M can be expressed as
(−1)M 〈ψ(M)0 |iAˆ†1BˆL|ψ(M)0 〉 ≥ 1−2
〈χ(M)0,∗ |Vˆ |χ(M)0,∗ 〉
δ
(M)
0
. (17)
Finally, we use 〈χ(M)0,∗ |Vˆ |χ(M)0,∗ 〉 = Ec/4 and δ(M)0 = ∆ for
t = ∆ and µ = 0 to arrive at the result of Theorem 2.
Results in the general case: We now present our results
in the general case. To start, we rewrite the Hamiltonian as
Hˆµ = Hˆ0,µ + Vˆ to emphasize its dependence on the wire
chemical potential µ. Similarly, we rewrite the mean-field
Hamiltonian with chemical potential µ as HˆMF,µ. We also de-
fine |χ(M)0,µ 〉 and δ(M)0,µ to be the ground state and energy gap of
Hˆ0,µ in the M -particle sector (note that δ
(M)
0,µ is equal to the
gap of HˆMF,µ in the sector with fermion parity (−1)M ). In
what follows, we assume that |µ| < t and ∆ 6= 0 (the criteria
for the mean-field topological phase).
Next, we define the function f (M)(µ) to be equal to the
average fermion number on the wire in the state |χ(M)0,µ 〉,
f (M)(µ) = 〈χ(M)0,µ |Nˆw|χ(M)0,µ 〉 . (18)
4The results in the Supplemental Material imply that f (M)(µ)
is also equal to the expectation value of Nˆw in the ground state
of HˆMF,µ in the sector with fermion parity (−1)M . The charg-
ing energy term, when restricted to theM -particle sector, usu-
ally prefers the wire to have a different filling than f (M)(µ).
To see this we note that, within the M -particle sector, Vˆ can
be rewritten as
Vˆ = 4Ec(nˆ− nc)2 = Ec
[
Nˆw − (M − 2nc)
]2
. (19)
We see that this term prefers the filling of the wire to be M −
2nc, which in general is not equal to f (M)(µ). This will be
important in what follows.
Finally, we need to discuss the analog of the Majorana-like
operators Aˆ1 and BˆL in the general case. For any t,∆, µ
such that |µ| < t and ∆ 6= 0, one can construct operators
Γˆ`,µ and Γˆr,µ (`/r = left/right) such that (i) Γˆ`,µ and Γˆr,µ
obey the same algebra as Aˆ1 and BˆL, (ii) Γˆ`/r,µ is local-
ized near the left/right end of the wire, and (iii) |χ(M)0,µ 〉 is an
eigenvector of iΓˆ†`,µΓˆr,µ with eigenvalue equal to (−1)M : i.e.
iΓˆ†`,µΓˆr,µ|χ(M)0,µ 〉 = (−1)M |χ(M)0,µ 〉. These properties imply
that |χ(M)0,µ 〉 also possesses a Majorana-like correlation
〈χ(M)0,µ |iΓˆ†`,µΓˆr,µ|χ(M)0,µ 〉 = (−1)M . (20)
The operators Γˆ`,µ and Γˆr,µ can be constructed from Aˆ1 and
BˆL using the exact version [44] of quasiadiabatic continu-
ation [45], as discussed in a related context in Sec. VII of
Ref. 46. This construction uses the fact that, for |µ| < t and
∆ 6= 0, HˆMF,µ can be deformed to the special point t = ∆
and µ = 0 without closing the energy gap of the system [47].
The only difference between Γˆ`,µ, Γˆr,µ and Aˆ1, BˆL is that the
latter are localized exactly at the ends of the wire, while the
former extend into the bulk of the wire (but they decay rapidly
due to the locality-preserving property of the quasiadiabatic
continuation technique).
We now present a lemma on which our later results are built.
This lemma allows us to rewrite the Hamiltonian in a way that
removes the tension between the wire chemical potential µ
and the fillingM−2nc preferred by the charging energy term.
Lemma 1. Consider the M -particle sector, and assume that
− (t+ µ)
2Ec L < M − 2nc − f
(M)(µ) <
(t− µ)
2Ec L , (21)
Then there is a unique chemical potential µ′ satisfying |µ′| <
t and such that (within the M -particle sector)
Hˆµ = Hˆ0,µ′ + Ec
[
Nˆw − f (M)(µ′)
]2
+ C , (22)
where C is an overall constant.
This lemma shows that, if Eq. (21) holds, then Hˆµ can be
rewritten in such a way that the charging energy term now
prefers the same filling f (M)(µ′) of the wire as in the ground
state |χ(M)0,µ′ 〉 of the new unperturbed Hamiltonian Hˆ0,µ′ . In
addition, since µ′ also satisfies |µ′| < t, a mean-field Hamil-
tonian with parameters t,∆, µ′ is also in the mean-field topo-
logical phase. The new chemical potential µ′ is in general a
function of all of the constants t,∆, µ, Ec, nc,M , and L. Fi-
nally, we note that the size of the interval in Eq. (21) is propor-
tional to L, which means that the result of Lemma 1 applies
for a large range of parameter values.
We can now state our main results in full generality. These
results are generalizations of Theorems 1 and 2 to the case of
general t,∆, µ, Ec, and nc. For technical reasons, we assume
here that L is even.
Theorem 3 (energy gap). Assume that Eq. (21) of Lemma 1 is
satisfied, and let µ′ be the new chemical potential guaranteed
by Lemma 1. If Ec
(
1
2 +
8
L
)
< δ
(M)
0,µ′ , then Hˆµ has a unique
ground state in the M -particle sector. In addition, the energy
gap δ(M)µ of Hˆµ in the M -particle sector is bounded from be-
low as
δ(M)µ ≥ δ(M)0,µ′ −Ec
(
1
2
+
8
L
)
= δ
(M)
0,µ′ −
Ec
2
+O
(
1
L
)
, (23)
and this bound holds for all system sizes L.
Theorem 4 (Majorana-like correlation). Assume that Eq. (21)
of Lemma 1 is satisfied, and let µ′ be the new chemical poten-
tial guaranteed by Lemma 1. Also, assume that the condi-
tions of Theorem 3 are satisfied, and let |ψ(M)0,µ 〉 be the unique
ground state of Hˆµ in the M -particle sector. Then
(−1)M 〈ψ(M)0,µ |iΓˆ†`,µ′ Γˆr,µ′ |ψ(M)0,µ 〉 ≥ 1−
Ec
δ
(M)
0,µ′
+O
(
1
L
)
.
(24)
In particular, the function 1 − Ec/δ(M)0,µ′ is positive for Ec <
δ
(M)
0,µ′ .
It is important to note that in these theorems, the Majorana-
like operators Γˆ`/r,µ′ and unperturbed energy gap δ
(M)
0,µ′ are
those for the Hamiltonian Hˆ0,µ′ with the new chemical poten-
tial µ′, and not those for the original chemical potential µ.
We present the proofs of Lemma 1, Theorem 3, and Theo-
rem 4 in the Supplemental Material.
Fermion parity switching: In the Supplemental Material
we prove a theorem (Theorem 5) that shows that for small
enough Ec, the lowest energy state of our model in a ring ge-
ometry with periodic boundary conditions occurs in a sector
with odd total particle number, while the lowest energy state
with anti-periodic boundary conditions occurs in a sector with
even total particle number. This shows that our model dis-
plays a “fermion parity switch”, just like the Kitaev p-wave
wire model [1]. We also note that Refs. 5 and 27 proved that
a fermion parity switch occurs in their exactly solvable model
of a number-conserving TSC.
Discussion: We have proved that many of the properties of
a single mean-field topological superconducting wire are also
5present in a more realistic number-conserving model. Because
of the non-locality present in our model, we could not apply
the methods of proof from Ref. 46. Instead, our proofs rely
on the positivity of the charging energy term Vˆ , and on the
small magnitude (∝ √L) of particle-number fluctuations in
1D mean-field models of superconductivity. Our methods can
also be used to prove similar results in models with spinful
fermions, for example number-conserving versions of the ex-
perimentally relevant models of Refs. 8 and 9. An important
challenge for the future is to investigate the stability of pro-
posed architectures for Majorana-based qubits [42, 48] in the
more realistic number-conserving setting considered here.
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I. PROOFS OF CLAIM 1, LEMMA 1, THEOREM 3, AND THEOREM 4
A. Proof of Claim 1
In this section we present the proof of Claim 1. Let Pˆψ = |ψ(M)0 〉〈ψ(M)0 | be the projector onto the ground state of Hˆ , and let
Qˆψ = 1− Pˆψ . Then we have
〈χ(M)0 |Hˆ|χ(M)0 〉 = 〈χ(M)0 |PˆψHˆPˆψ|χ(M)0 〉+ 〈χ(M)0 |QˆψHˆQˆψ|χ(M)0 〉
= E
(M)
0 |〈χ(M)0 |ψ(M)0 〉|2 + 〈χ(M)0 |QˆψHˆQˆψ|χ(M)0 〉
≥ E(M)0 |〈χ(M)0 |ψ(M)0 〉|2 + E(M)1 〈χ(M)0 |Qˆ2ψ|χ(M)0 〉 , (1.1)
where E(M)0 and E
(M)
1 ≥ E(M)0 are the two lowest eigenvalues of Hˆ in the M -particle sector. This last inequality can be
rewritten as
〈χ(M)0 |Hˆ|χ(M)0 〉 ≥ E(M)1 − (E(M)1 − E(M)0 )|〈χ(M)0 |ψ(M)0 〉|2 , (1.2)
and then we can use E(M)0 ≥ (M)0 (which follows from the positivity of Vˆ ) to obtain
〈χ(M)0 |Hˆ|χ(M)0 〉 ≥ E(M)1 − (E(M)1 − (M)0 )|〈χ(M)0 |ψ(M)0 〉|2 . (1.3)
Next, using our assumption that δ(M) = E(M)1 −E(M)0 > 0 (which implies that E(M)1 − (M)0 > 0 since E(M)0 ≥ (M)0 ), we can
rearrange this expression to obtain
|〈χ(M)0 |ψ(M)0 〉|2 ≥
E
(M)
1 − 〈χ(M)0 |Hˆ|χ(M)0 〉
E
(M)
1 − (M)0
. (1.4)
To proceed further we first note that 〈χ(M)0 |Hˆ|χ(M)0 〉 ≥ (M)0 , which also follows from the positivity of Vˆ . Next, we note
that, for real numbers a and b satisfying a ≥ b, the function f(z) = z−az−b is an increasing function of z for z > b (we
restrict our attention to values of z to the right of the pole at z = b). We now apply this to our last inequality by choosing
a = 〈χ(M)0 |Hˆ|χ(M)0 〉 and b = (M)0 , and using E(M)1 ≥ (M)1 (which again follows from the positivity of Vˆ ). We find that
E
(M)
1 − 〈χ(M)0 |Hˆ|χ(M)0 〉
E
(M)
1 − (M)0
≥ 
(M)
1 − 〈χ(M)0 |Hˆ|χ(M)0 〉

(M)
1 − (M)0
, (1.5)
which leads to
|〈χ(M)0 |ψ(M)0 〉|2 ≥ 1−
〈χ(M)0 |Vˆ |χ(M)0 〉
δ
(M)
0
, (1.6)
where δ(M)0 = 
(M)
1 − (M)0 is the energy gap of Hˆ0 in the M-particle sector. This completes the proof of Claim 1.
B. Proof of Lemma 1
In this section we present the proof of Lemma 1. We start by rewriting Hˆµ in the desired final form
Hˆµ = Hˆ0,µ′ + Ec
[
Nˆw − f (M)(µ′)
]2
+ C . (1.7)
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2[Recall that we work within the M -particle sector, where Nˆw + 2nˆ = M .] By comparing with the original expression for Hˆµ,
we see that this expression can only be valid if µ′ satisfies the equation
µ+ 2Ec(M − 2nc) = µ′ + 2Ecf (M)(µ′) . (1.8)
If this equation can be satisfied, then Hˆµ can be rewritten as shown above with the constant C given by
C = (µ− µ′)L
2
+ Ec(M − 2nc)2 − Ec[f (M)(µ′)]2 . (1.9)
Our goal, then, is to prove the existence of a µ′ satisfying Eq. (1.8). Recall that we assume that |µ| < t, and that we also want
|µ′| < t (so that both Hamiltonians HˆMF,µ and HˆMF,µ′ are in the mean-field topological phase). We now prove that, if |µ| < t
and if Eq. 21 of the main text holds, then there is a unique µ′ satisfying |µ′| < t and Eq. (1.8). This µ′ will be a function of all
of the parameters t,∆, µ, Ec, nc,M , and L present in the model.
The strategy of the proof is as follows. First, note that |µ| < t implies that |µ| < t−ω for any ω ∈ (0, t− |µ|). Now consider
the function
g(M)(x) = x+ 2Ecf
(M)(x) . (1.10)
This function, evaluated at the point x = µ′, is what appears on the right-hand side of Eq. (1.8). We now prove several important
facts about this function. First, we prove that g(M)(x) is a strictly increasing function of x. Next, we show that g(M)(x) has the
intermediate value property for closed intervals [a, b] ⊂ (−t, t), namely, for −t < a < b < t, if g(M)(a) < y < g(M)(b) (or
g(M)(b) < y < g(M)(a)), then there exists c ∈ (a, b) such that g(M)(c) = y. Next, for any ω ∈ (0, t− |µ|) we establish a lower
bound on g(M)(x) at x = t−ω, g(M)(t−ω) ≥ ηU (ω), and an upper bound on g(M)(x) at x = −t+ω, g(M)(−t+ω) ≤ ηL(ω).
[The subscripts U/L stand for upper/lower.] In this situation the intermediate value property for g(M)(x) implies that if
ηL(ω) < µ+ 2Ec(M − 2nc) < ηU (ω) , (1.11)
then there exists a µ′ ∈ (−t+ω, t−ω) such that Eq. (1.8) holds. In addition, this µ′ is actually unique since g(M)(x) is a strictly
increasing function of x. Finally, we complete the proof by using this result, which holds for any ω ∈ (0, t − |µ|), to prove a
stronger result in which we can take ω = 0 in all formulas.
We start by proving that f (M)(x) is an increasing function of x, i.e., that x2 > x1 ⇒ f (M)(x2) ≥ f (M)(x1). This is enough
to show that g(M)(x) is a strictly increasing function of x, since the linear function x is strictly increasing. That f (M)(x) is an
increasing function of x can be proven using a variational argument. As before, let |χ(M)0,x 〉 be the ground state of Hˆ0,x in the
M -particle sector, and let (M)0,x be the corresponding energy eigenvalue, Hˆ0,x|χ(M)0,x 〉 = (M)0,x |χ(M)0,x 〉. For a given x1 and x2, we
can clearly write
Hˆ0,x2 = Hˆ0,x1 + (x1 − x2)
(
Nˆw − L
2
)
, (1.12)
and a similar equation holds if we swap x1 and x2. Using |χ(M)0,x1〉 as a trial ground state for Hˆ0,x2 , we obtain

(M)
0,x2
≤ (M)0,x1 + (x1 − x2)f (M)(x1)− (x1 − x2)
L
2
. (1.13)
Similarly, using |χ(M)0,x2〉 as a trial ground state for Hˆ0,x1 , we obtain

(M)
0,x1
≤ (M)0,x2 + (x2 − x1)f (M)(x2)− (x2 − x1)
L
2
. (1.14)
If we use this second inequality to bound (M)0,x1 on the right-hand side of the first inequality, then we find that

(M)
0,x2
≤ (M)0,x2 + (x2 − x1)f (M)(x2)− (x2 − x1)
L
2
+ (x1 − x2)f (M)(x1)− (x1 − x2)L
2
. (1.15)
This last inequality can be rewritten in the form
0 ≤ (x2 − x1)
[
f (M)(x2)− f (M)(x1)
]
, (1.16)
which yields the result that x2 > x1 ⇒ f (M)(x2) ≥ f (M)(x1). As we mentioned above, this result implies that g(M)(x) is a
strictly increasing function of x.
3We now prove that g(M)(x) obeys the intermediate value property for closed intervals [a, b] ⊂ (−t, t). To prove this we
first consider some x ∈ (−t, t), and some deviation δx, and write Hˆ0,x+δx = Hˆ0,x − δx
(
Nˆw − L2
)
. Then, since Hˆ0,x has
a unique ground state and an energy gap within the M -particle sector, Theorem 6.3.12 of Ref. 1 implies that the ground state
energy (M)0,x+δx of Hˆ0,x+δx (in the M -particle sector) is differentiable (with respect to δx) at δx = 0. In other words, 
(M)
0,x is
a differentiable function of x for all x ∈ (−t, t). In addition, the same theorem tells us that ddx(M)0,x = L/2 − f (M)(x) (this is
equivalent to the Hellmann-Feynman theorem). Since (M)0,x is differentiable for x ∈ (−t, t), Darboux’s theorem (Theorem 5.2.7
in Ref. 2) then tells us that ddx
(M)
0,x obeys the intermediate value property for any closed interval [a, b] contained within (−t, t).
Finally, since g(M)(x) = x+ 2Ec
(
L/2− ddx(M)0,x
)
, it follows that g(M)(x) also obeys the intermediate value property (this is
because g(M)(x) is equal to a continuous function of x minus a constant times ddx
(M)
0,x ).
We now use the increasing property of f (M)(x) to obtain the desired bounds ηU (ω) and ηL(ω) mentioned above. Consider
the value of the function g(M)(x) at x = ±(t− ω). Since |µ| < t− ω, we have
g(M)(t− ω) = t− ω + 2Ecf (M)(t− ω)
≥ t− ω + 2Ecf (M)(µ) ≡ ηU (ω) . (1.17)
Similarly, we have
g(M)(−t+ ω) ≤ −t+ ω + 2Ecf (M)(µ) ≡ ηL(ω) . (1.18)
Using these bounds we find that, if
− t+ ω + 2Ecf (M)(µ) < µ+ 2Ec(M − 2nc) < t− ω + 2Ecf (M)(µ) , (1.19)
then there exists a unique µ′ ∈ (−t+ ω, t− ω) that satisfies Eq. (1.8).
We now use this result to prove the stronger result that if
− t+ 2Ecf (M)(µ) < µ+ 2Ec(M − 2nc) < t+ 2Ecf (M)(µ) , (1.20)
then there exists a unique µ′ ∈ (−t, t) that satisfies Eq. (1.8). We first prove existence of µ′ ∈ (−t, t) under the new condition
(1.20), and then we prove uniqueness using an argument by contradiction. To prove existence we note that, by the properties
of open intervals, Eq. (1.20) implies that Eq. (1.19) holds for some ω > 0, and we can always choose this ω small enough so
that |µ| < t − ω as well. Then our previous results show that there exists a µ′ ∈ (−t, t) satisfying Eq. (1.8). [This is because
our previous results showed the existence of such a µ′ in the interval (−t + ω, t − ω), which is contained within the interval
(−t, t).] To prove uniqueness we suppose, by contradiction, that Eq. (1.20) holds and that there are two chemical potentials
µ′1, µ
′
2 ∈ (−t, t) that both satisfy Eq. (1.8). Then µ, µ′1, µ′2, and µ + 2Ec(M − 2nc − f (M)(µ)) all lie within the open interval
(−t, t) and so, using the properties of open intervals, we can again find a small enough ω > 0 such that µ, µ′1, µ′2 ∈ (−t+ω, t−ω)
and such that µ + 2Ec(M − 2nc − f (M)(µ)) ∈ (−t + ω, t − ω) (i.e., Eq. (1.19) holds with this ω). But this is a contradiction
since in this situation our previous results guarantee the existence of a unique µ′ ∈ (−t + ω, t − ω) satisfying Eq. (1.8). Thus,
we have proven the stronger result with ω = 0.
To complete the proof we note that, by rearranging Eq. (1.20), we recover exactly the condition stated in Eq. 21 of Lemma 1
in the main text.
C. Proof of Theorem 3
In this section we present the proof of Theorem 3. This proof is very similar to the proof of Theorem 1, and so we can actually
start from the middle of the proof of Theorem 1. Specifically, we start from the inequality
δ(M) ≥ δ(M)0 − 〈χ(M)0 |Vˆ |χ(M)0 〉 , (1.21)
where δ(M) = E(M)1 −E(M)0 is the energy gap of Hˆ in theM -particle sector, and δ(M)0 = (M)1 −(M)0 is the energy gap of Hˆ0 in
the M -particle sector. For the model at general parameter values, it is difficult to calculate the expectation value 〈χ(M)0 |Vˆ |χ(M)0 〉
exactly. A useful alternative is to work with an upper bound for this quantity. Indeed, suppose that we have an upper bound on
〈χ(M)0 |Vˆ |χ(M)0 〉,
〈χ(M)0 |Vˆ |χ(M)0 〉 ≤ VU (M) , (1.22)
4where U stands for “upper.” Then we find that
δ(M) ≥ δ(M)0 − VU (M) . (1.23)
This inequality implies that Hˆ has a unique ground state in the M -particle sector if
δ
(M)
0 > VU (M) . (1.24)
To complete the proof we need to establish the desired upper bound VU (M) on the expectation value 〈χ(M)0 |Vˆ |χ(M)0 〉. For
the system with general values of the parameters, we again indicate the dependence of all quantities on the chemical potential µ.
For example, the total Hamiltonian is Hˆµ = Hˆ0,µ + Vˆ , and |χ(M)0,µ 〉 is the ground state of Hˆ0,µ in the M -particle sector. We also
assume that |µ| < t and that µ and nc are such that the system is at the fine-tuned point
M − 2nc = f (M)(µ) . (1.25)
[Recall that f (M)(µ) = 〈χ(M)0,µ |Nˆw|χ(M)0,µ 〉.] We can specialize to this case because, as we know from Lemma 1, there is a large
region of the parameter space where we can rewrite a Hamiltonian away from this fine-tuned point as a Hamiltonian at this fine-
tuned point (with a different chemical potential), up to an overall constant. Then the expectation value that we need to bound is
〈χ(M)0,µ |Vˆ |χ(M)0,µ 〉 = Ec〈χ(M)0,µ |
(
Nˆw − f (M)(µ)
)2
|χ(M)0,µ 〉 . (1.26)
Using Eqs. (5.21) and (5.39), we find that
〈χ(M)0,µ |Vˆ |χ(M)0,µ 〉 ≤
Ec
2
, M = even , (1.27)
and
〈χ(M)0,µ |Vˆ |χ(M)0,µ 〉 ≤ Ec
(
1
2
+
8
L
)
, M = odd . (1.28)
We see that one choice of upper bound that works for all M is
VU (M) = Ec
(
1
2
+
8
L
)
, (1.29)
and making this choice completes the proof of Theorem 3. We can also see from these results that for the case of even M
the result of Theorem 3 holds (for any system size L) under the stronger condition Ec < 2δ(M)0,µ′ , instead of the slightly weaker
condition Ec
(
1
2 +
8
L
)
< δ
(M)
0,µ′ that appears in the statement of Theorem 3.
D. Proof of Theorem 4
In this section we present the proof of Theorem 4. This proof is very similar to the proof of Theorem 2, and again relies on
a result (Claim 2 below) that bounds the overlap of the ground state |ψ(M)0 〉 of Hˆ and the ground state |χ(M)0 〉 of Hˆ0. As in the
proof of Theorem 3, the main difficulty that we encounter here is that it is difficult to calculate 〈χ(M)0 |Vˆ |χ(M)0 〉 exactly for the
model at general parameter values. Therefore, we again assume that we have an upper bound VU (M) for 〈χ(M)0 |Vˆ |χ(M)0 〉, and
we adapt our proof to make use of this upper bound instead of the exact value of 〈χ(M)0 |Vˆ |χ(M)0 〉.
Claim 1. Assume that δ(M) (the gap of Hˆ in theM -particle sector), is positive, δ(M) > 0. Then
|〈χ(M)0 |ψ(M)0 〉|2 ≥ 1−
VU (M)
δ
(M)
0
, (1.30)
and this result holds for general values of the parameters t,∆, µ, Ec, and nc.
5Proof of Claim 2: The result of Claim 2 follows immediately from the result of Claim 1 and the fact that 〈χ(M)0 |Vˆ |χ(M)0 〉 ≤
VU (M).
Proof of Theorem 4: We now use Claim 2 to prove Theorem 4. As in our proof of Theorem 3, we use a notation that indicates
the dependence of the Hamiltonian on the chemical potential µ, Hˆµ = Hˆ0,µ + Vˆ , and we assume that |µ| < t and that µ and
nc satisfy the fine-tuned condition M − 2nc = f (M)(µ) (recall that restriction to this case is justified by Lemma 1). Let Γˆ`,µ
and Γˆr,µ be the Majorana-like operators for the Hamiltonian Hˆ0,µ. We know that the operator iΓˆ
†
`,µΓˆr,µ commutes with the
projector Pˆχ = |χ(M)0,µ 〉〈χ(M)0,µ | onto the ground state of Hˆ0,µ in the M -particle sector.
The proof of Theorem 4 then proceeds in exactly the same manner as the proof of Theorem 2. The only difference is that the
operator iAˆ†1BˆL is replaced by the operator iΓˆ
†
`,µΓˆr,µ, and we use the fact that iΓˆ
†
`,µΓˆr,µ|χ(M)0,µ 〉 = (−1)M |χ(M)0,µ 〉. The bound
that we find for the Majorana-like correlation function then takes the form
(−1)M 〈ψ(M)0,µ |iΓˆ†`,µΓˆr,µ|ψ(M)0,µ 〉 ≥ 1− 2
VU (M)
δ
(M)
0,µ
. (1.31)
Finally, just as in the proof of Theorem 3, we use the upper bound VU (M) = Ec
(
1
2 +
8
L
)
, and the result of Theorem 4 then
follows immediately.
II. FERMION PARITY SWITCHING
In this section we prove the existence of a “fermion parity switch” in the number-conserving model in a closed ring geometry.
Here, fermion parity switching refers to the phenomenon observed in mean-field models of TSCs in which the ground state
with periodic boundary conditions has odd fermion parity, but the ground state with anti-periodic boundary conditions has even
fermion parity. In addition, a very important property of the mean-field models is that, for both boundary conditions, there is a
finite energy gap between the ground state and the first excited state with the opposite fermion parity. We first review this parity
switching phenomenon in the mean-field Kitaev p-wave wire model, and then we state and prove a theorem (Theorem 5) that
shows that a fermion parity switch also occurs in our number-conserving model for small enough Ec.
We start by reviewing the properties of the mean-field Kitaev p-wave wire Hamiltonian on a closed ring and with periodic or
anti-periodic boundary conditions. The Hamiltonian for this model on a closed ring takes the form
HˆMF = − t
2
L∑
j=1
(cˆ†j cˆj+1 + h.c.)−
∆
2
L∑
j=1
(cˆj cˆj+1 + h.c.)− µ
(
Nˆw − L
2
)
, (2.1)
where we identify sites 1 and L+ 1. The first step to diagonalize this Hamiltonian is to go to Fourier space by defining
cˆj =
1√
L
∑
k
cˆke
ikj , (2.2)
where cˆk are Fourier-transformed fermionic annihilation operators. For periodic boundary conditions the allowed values of k
are contained in the set {−pi, 0} ∪ K+, where
K+ =
{
±2pi
L
,±4pi
L
, . . . ,±
(
pi − 2pi
L
)}
,
while for anti-periodic boundary conditions the allowed values of k are contained in the set
K− =
{
±pi
L
,±3pi
L
, . . . ,±
(
pi − pi
L
)}
.
Note that in both cases there are L allowed values of k, as there should be. The Fourier-transformed Hamiltonian takes the form
HˆMF =
∑
k
k cˆ
†
k cˆk − i∆
∑
k>0
sin(k)
(
cˆ−k cˆk − cˆ†k cˆ†−k
)
+ µ
L
2
, (2.3)
where we defined k = −t cos(k)− µ. In Fourier space we then diagonalize HˆMF by constructing, for all k 6= −pi, 0, lowering
operators dˆk of the form
dˆk = uk cˆk + vk cˆ
†
−k , (2.4)
6for some coefficients uk and vk (these coefficients must also satisfy additional conditions that guarantee that the dˆk obey canoni-
cal anticommutation relations). Demanding that [HˆMF, dˆk] = −Ekdˆk for someEk ≥ 0, we find that (uk, vk)T is the eigenvector
of the matrix kσz + ∆ sin(k)σy with positive eigenvalue, and that
Ek =
√
2k + ∆
2 sin2(k) . (2.5)
For periodic boundary conditions the Hamiltonian can be written (up to an overall constant) as
HˆMF,+ = 0cˆ
†
0cˆ0 + −pi cˆ
†
−pi cˆ−pi +
∑
k∈K+
Ekdˆ
†
kdˆk , (2.6)
while for anti-periodic boundary conditions the Hamiltonian can be written (again up to a constant) as
HˆMF,− =
∑
k∈K−
Ekdˆ
†
kdˆk . (2.7)
In each case we define the BCS completely paired ground state |BCS,±〉 by the condition dˆk|BCS,±〉 = 0 for all k ∈ K±, and
in the periodic case we also require cˆ0|BCS,+〉 = cˆ−pi|BCS,+〉 = 0. This state always has even fermion parity and takes the
familiar BCS form
|BCS,±〉 =
∏
k∈K±, k>0
[
uk + vk cˆ
†
−k cˆ
†
k
]
|0〉 . (2.8)
We now review the occurrence of a fermion parity switch in this model. To see the switch we first need to determine the
lowest energy states for periodic and anti-periodic boundary conditions. We start with the anti-periodic case because it is easier
to analyze. In this case, since all Ek > 0 and there are no unpaired modes to worry about, it is easy to see that the ground state
is |BCS,−〉. In addition, the lowest energy excited state is dˆ†k∗− |BCS,−〉, where k
∗
− is the (possibly non-unique) value of k in
K− that yields the lowest possible Ek. We also define Emin,− = mink∈K− Ek so that Ek∗− = Emin,−. Thus, we find that for
anti-periodic boundary conditions the ground state has even fermion parity and the energy gap to the first odd parity eigenstate
is equal to Emin,−.
Next, we consider the case of periodic boundary conditions. This case is complicated by the presence of the unpaired fermions
at k = −pi, 0. Note that 0 = −t − µ and −pi = t − µ, and that within the topological phase (|µ| < t and ∆ 6= 0), we have
0 < 0 and −pi > 0. As a result, we find that within the topological phase the ground state is cˆ
†
0|BCS,+〉, and this state has
odd fermion parity. Next, depending on the specific parameter values, the first excited state (which has even fermion parity) can
be any one of the states |BCS,+〉, cˆ†0cˆ†−pi|BCS,+〉, or cˆ†0dˆ†k∗+ |BCS,+〉, where k
∗
+ is the (possibly non-unique) value of k in K+
that yields the lowest possible Ek. We also define Emin,+ = mink∈K+ Ek, so that Ek∗+ = Emin,+. The energy gap between
the ground state cˆ†0|BCS,+〉 and the first even parity excited state in these three cases is equal to t + µ, t − µ, and Emin,+,
respectively. Thus, we find that for periodic boundary conditions the ground state has odd fermion parity and the energy gap to
the first even parity eigenstate is equal to min {t+ µ, t− µ,Emin,+}.
In both cases (periodic and anti-periodic boundary conditions) the gap between the ground state and the first excited state
is bounded from below by Emin = mink∈[−pi,pi)Ek, where the minimum here is taken over the continuum of k values in the
interval [−pi, pi). This is clear in the case with anti-periodic boundary conditions, as K− ⊂ [−pi, pi), and so Emin,− ≥ Emin. To
see this in the case of periodic boundary conditions, we need to show that t + µ ≥ Emin and that t − µ ≥ Emin (it is clear that
Emin,+ ≥ Emin since K+ ⊂ [−pi, pi)). We can prove this by noting that dEk/dk = 0 at k = 0,−pi, and so k = 0,−pi are the
locations of minima, maxima, or inflection points of Ek. No matter which possibility occurs, the minimum value of Ek must
always be less than or equal to E0 and E−pi . Then, since E0 = t+ µ and E−pi = t− µ (for |µ| < t), we find that t− µ ≥ Emin
and that t+ µ ≥ Emin.
To summarize, for the mean-field Hamiltonian HˆMF within the topological phase (|µ| < t and ∆ 6= 0), the lowest energy state
with periodic boundary conditions has odd fermion parity, while the lowest energy state with anti-periodic boundary conditions
has even fermion parity. In addition, for both boundary conditions the gap between the ground state and the first excited state
with the opposite fermion parity is bounded from below by Emin = mink∈[−pi,pi)Ek.
We now move on to the number-conserving case and introduce some notation that will allow us to state our result on the
fermion parity switch in the number-conserving model. We again use a notation that indicates the dependence of all quantities
on µ. Recall that in the M -particle sector the charging energy term can be rewritten as
Vˆ = Ec
[
Nˆw − (M − 2nc)
]2
. (2.9)
7We can rewrite this as
Vˆ = Ec
[
Nˆw − f (M)(µ)
]2
+ 2s(M,µ)
(
Nˆw − f (M)(µ)
)
+ s(M,µ)2 , (2.10)
where
s(M,µ) = f (M)(µ)− (M − 2nc) . (2.11)
Note that s(M,µ) is the difference between f (M)(µ), the average fermion number on the wire in the ground state |χ(M)0,µ 〉 of
Hˆ0,µ, and M − 2nc, the filling preferred by the charging energy term in the M -particle sector. For later use, we note that (for
even L) we can use Eqs. (5.21) and (5.39) to obtain the upper bounds
〈χ(M)0,µ |Vˆ |χ(M)0,µ 〉 ≤ Ec
(
1
2
+
s(M,µ)2
L
)
, M = even , (2.12)
and
〈χ(M)0,µ |Vˆ |χ(M)0,µ 〉 ≤ Ec
(
1
2
+
8
L
+
s(M,µ)2
L
)
, M = odd . (2.13)
Finally, we define
s+(µ) = min
evenM
|s(M,µ)| (2.14a)
s−(µ) = min
oddM
|s(M,µ)| . (2.14b)
For either sign (“+” or “−”) we have the inequality
s±(µ) ≤ 1 , (2.15)
and this can be seen as follows. First, consider the case of evenM and note that we can always write f (M)(µ)+2nc = p+α for
some even integer p and some real number α ∈ [−1, 1] (indeed, any real number can be written in this way). The even integer
p appearing here is also independent of the specific choice of M because f (M)(µ) itself only depends on the parity of M (i.e.,
f (M1)(µ) = f (M2)(µ) if (−1)M1 = (−1)M2 ). By choosing M = p we obtain the bound s+(µ) ≤ |s(p, µ)| = |α|, and so
s+(µ) ≤ 1. A similar argument but with p odd shows that s−(µ) ≤ 1 as well.
With this notation in hand we can now state our theorem on the existence of a fermion parity switch in the number-conserving
model. For technical reasons we again assume here that L is even.
Theorem 1 (Fermion parity switch). LetEk =
√
(t cos(k) + µ)2 + ∆2 sin2(k) and letEmin = mink∈[−pi,pi)Ek. If Ec
(
1
2 +
9
L
)
<
Emin, then the overall ground state of Hˆµ with periodic (anti-periodic) boundary conditions occurs in a sector with odd (even)
total particle number. In addition, in both cases δparity, the energy gap between the overall ground state of Hˆµ and the lowest
energy eigenstate with opposite number parity, is bounded from below as
δparity ≥ Emin − Ec
(
1
2
+
9
L
)
= Emin − Ec
2
+O
(
1
L
)
, (2.16)
and this bound holds for all system sizes L.
A. Proof of Theorem 5
The proof of Theorem 5 is very similar to the proofs of Theorems 1 and 3 and again relies on the positivity of Vˆ . To start,
recall that the energy spectrum of Hˆ0,µ in the M -particle sector is identical to the energy spectrum of HˆMF,µ in the sector with
fermion parity (−1)M . As a result, Hˆ0,µ has the property that its overall ground state with periodic boundary conditions occurs
in a sector with odd total particle number, while its overall ground state with anti-periodic boundary conditions occurs in a sector
with even total particle number. In fact, this property of the spectrum of Hˆ0,µ implies a much stronger result. Let Me be any
even integer, and let Mo be any odd integer. Then for periodic boundary conditions we have 
(Me)
0,µ − (Mo)0,µ ≥ Emin, where (M)0,µ
is the ground state energy of Hˆ0,µ in the M -particle sector. In the anti-periodic case the situation is reversed and we instead have

(Mo)
0,µ − (Me)0,µ ≥ Emin.
8Next, we turn to the full Hamiltonian Hˆµ with the charging energy term, and we consider the case of periodic boundary
conditions. The positivity of Vˆ implies that (M)0,µ ≤ E(M)0,µ for any M , where E(M)0,µ is the ground state energy of Hˆµ in the
M -particle sector. As in the proofs of Theorems 1 and 3, combining this property with the variational theorem for the ground
state energy in the Mo-particle sector yields the inequality
E
(Me)
0,µ − E(Mo)0,µ ≥ (Me)0,µ − (Mo)0,µ − 〈χ(Mo)0,µ |Vˆ |χ(Mo)0,µ 〉 . (2.17)
Next, using Eq. (2.13) and the fact that (Me)0,µ − (Mo)0,µ ≥ Emin, we obtain
E
(Me)
0,µ − E(Mo)0,µ ≥ Emin − Ec
(
1
2
+
8
L
+
s(Mo, µ)
2
L
)
. (2.18)
This bound holds for any Mo and, in particular, holds for the value M∗o such that |s(M∗o , µ)| = s−(µ) (if M∗o is not unique then
we just choose a particular one). Therefore we obtain the bound
E
(Me)
0,µ − E(M
∗
o )
0,µ ≥ Emin − Ec
(
1
2
+
8
L
+
s−(µ)2
L
)
, (2.19)
and then using s−(µ) ≤ 1 gives
E
(Me)
0,µ − E(M
∗
o )
0,µ ≥ Emin − Ec
(
1
2
+
9
L
)
. (2.20)
We find that, if Emin > Ec
(
1
2 +
9
L
)
, then the energy of the ground state of Hˆµ in the M∗o -particle sector is strictly less than the
energy of the ground state in any even particle number sector. This proves that, if Emin > Ec
(
1
2 +
9
L
)
, then the overall ground
state of Hˆµ with periodic boundary conditions occurs in a sector with odd total particle number.
In the case of anti-periodic boundary conditions, similar reasoning leads to the inequality
E
(Mo)
0,µ − E(Me)0,µ ≥ (Mo)0,µ − (Me)0,µ − 〈χ(Me)0,µ |Vˆ |χ(Me)0,µ 〉 , (2.21)
where the roles ofMe andMo are now reversed as compared with the periodic case. We now use Eq. (2.12) and 
(Mo)
0,µ −(Me)0,µ ≥
Emin to obtain
E
(Mo)
0,µ − E(Me)0,µ ≥ Emin − Ec
(
1
2
+
s(Me, µ)
2
L
)
. (2.22)
This bound holds for any Me and, in particular, holds for the value M∗e such that |s(M∗e , µ)| = s+(µ) (again, if M∗e is not
unique then we just pick a particular one). This yields the bound
E
(Mo)
0,µ − E(M
∗
e )
0,µ ≥ Emin − Ec
(
1
2
+
s+(µ)
2
L
)
, (2.23)
and then using s+(µ) ≤ 1 gives
E
(Mo)
0,µ − E(M
∗
e )
0,µ ≥ Emin − Ec
(
1
2
+
1
L
)
≥ Emin − Ec
(
1
2
+
9
L
)
. (2.24)
The final inequality here is not strictly necessary, but we find it useful as it allows us to use the same bound as in the case
of periodic boundary conditions. We then find that, if Emin > Ec
(
1
2 +
9
L
)
, then the energy of the ground state of Hˆµ in the
M∗e -particle sector is strictly less than the energy of the ground state in any odd particle number sector. This proves that, if
Emin > Ec
(
1
2 +
9
L
)
, then the overall ground state of Hˆµ with anti-periodic boundary conditions occurs in a sector with even
total particle number.
Finally, in both cases δparity, the energy gap between the overall ground state and the lowest energy eigenstate with opposite
number parity, is bounded from below as
δparity ≥ Emin − Ec
(
1
2
+
9
L
)
= Emin − Ec
2
+O
(
1
L
)
. (2.25)
9III. NUMBER-CONSERVING MODELWITHOUT CHARGING ENERGY
In this section we explain the relation between the number-conserving TSC model with no charging energy (Ec = 0 so
Vˆ = 0), and the more familiar mean-field TSC model. In particular, we show how the eigenstates of the number-conserving
model at fixed total particle number Nˆ = M can be written in terms of the eigenstates of the mean-field model with Hamiltonian
HˆMF. We also show how certain expectation values in the number-conserving model with Ec = 0 can be expressed in terms of
expectation values in the mean-field model.
To start, let HˆMF(φ) denote the mean-field Hamiltonian obtained from Hˆ0 after replacing the quantum operator φˆ with the
classical phase φ,
HˆMF(φ) =− t
2
L−1∑
j=1
(cˆ†j cˆj+1 + h.c.)−
∆
2
L−1∑
j=1
(cˆj cˆj+1e
iφ + h.c.)
− µ
(
Nˆw − L
2
)
. (3.1)
Let |χa(φ)〉 (for some range of the index a) be a complete set of eigenstates of this mean-field fermionic Hamiltonian, and let a
be the energies of these states, HˆMF(φ)|χa(φ)〉 = a|χa(φ)〉. The energies a are independent of φ because HˆMF(φ) is related
to HˆMF(0) = HˆMF by a unitary transformation. Indeed, we have
HˆMF(φ) = e
−iφ2 NˆwHˆMF(0)ei
φ
2 Nˆw , (3.2)
and this implies that
|χa(φ)〉 = e−i
φ
2 Nˆw |χa(0)〉 . (3.3)
We now show how to construct eigenstates |χ(M)a 〉 of Hˆ0 at fixed total particle number Nˆ = M in terms of the eigenstates
|χa(φ)〉 of the fermionic mean-field Hamiltonian HˆMF(φ). To start, recall the eigenstates |p〉, p ∈ Z, of the Cooper pair number
operator nˆ, which span the Hilbert spaceHSC of the number and phase degree of freedom. These states obey
〈p|p′〉 = δp,p′ (3.4a)
nˆ|p〉 = p|p〉 . (3.4b)
We also introduce the eigenstates |φ〉 of the phase operator φˆ. These states obey
〈φ|φ′〉 = δ(φ− φ′) (3.5a)
φˆ|φ〉 = φ|φ〉 . (3.5b)
We also have the inner product
〈φ|p〉 = 1√
2pi
eipφ , (3.6)
which allows us to write |φ〉 as
|φ〉 =
∑
p∈Z
|p〉〈p|φ〉 =
∑
p∈Z
e−ipφ√
2pi
|p〉 . (3.7)
Using these basis states, we now show that the eigenstates |χ(M)a 〉 of Hˆ0 at fixed total particle number M take the form
|χ(M)a 〉 =
1√
2pi
∫ 2pi
0
dφ ei
M
2 φ|φ〉 ⊗ |χa(φ)〉 . (3.8)
These states are normalized if we assume the normalization 〈χa(φ)|χb(φ)〉 = δab for the eigenstates of the mean-field fermionic
Hamiltonian. In addition, there is one constraint on these states, which is that (−1)M must be equal to the fermion parity of the
state |χa(0)〉, otherwise the integral over φ which yields the state |χ(M)a 〉 will actually evaluate to zero. This constraint makes
sense since the Cooper pairs have even fermion parity, so (−1)Nˆ = (−1)Nˆw .
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We now show that |χ(M)a 〉 is an eigenstate of Hˆ0 with the same eigenvalue a as the eigenstate |χa(φ)〉 of HˆMF(φ). To prove
that Hˆ0|χ(M)a 〉 = a|χ(M)a 〉, we simply note that
Hˆ0|φ〉 ⊗ |χa(φ)〉 = HˆMF(φ)|φ〉 ⊗ |χa(φ)〉
= a|φ〉 ⊗ |χa(φ)〉 , (3.9)
where we used the fact that φˆ|φ〉 = φ|φ〉 and then the fact that HˆMF(φ)|χa(φ)〉 = a|χa(φ)〉.
The next property to prove is that Nˆ |χ(M)a 〉 = M |χ(M)a 〉, i.e., that |χ(M)a 〉 is an eigenstate of the total particle number operator
Nˆ = Nˆw + 2nˆ with eigenvalue M . To prove this we first use Eq. (3.7) and Eq. (3.3) to rewrite |χ(M)a 〉 in the form
|χ(M)a 〉 =
1
2pi
∑
p∈Z
∫ 2pi
0
dφ e
i
(
M
2 − Nˆw2
)
φ
e−ipφ|p〉 ⊗ |χa(0)〉 . (3.10)
Next, we apply the operator nˆ to find
nˆ|χ(M)a 〉 =
1
2pi
∑
p∈Z
∫ 2pi
0
dφ e
i
(
M
2 − Nˆw2
)
φ
e−ipφp|p〉 ⊗ |χa(0)〉
= i
1
2pi
∑
p∈Z
∫ 2pi
0
dφ e
i
(
M
2 − Nˆw2
)
φ ∂
∂φ
[
e−ipφ
] |p〉 ⊗ |χa(0)〉
= −i 1
2pi
∑
p∈Z
∫ 2pi
0
dφ
∂
∂φ
[
e
i
(
M
2 − Nˆw2
)
φ
]
e−ipφ|p〉 ⊗ |χa(0)〉
=
(
M
2
− Nˆw
2
)
|χ(M)a 〉 , (3.11)
which is equivalent to the desired result that (Nˆw + 2nˆ)|χ(M)a 〉 = M |χ(M)a 〉. Note that in this derivation we needed to integrate
by parts to get from the second line to the third line. In this integration by parts the boundary term at φ = 2pi cancels the
boundary term at φ = 0 because of the constraint that (−1)M is equal to the fermion parity of the mean-field eigenstate |χa(0)〉,
i.e., we needed to use the fact that ei2pi
(
M
2 − Nˆw2
)
|χa(0)〉 = |χa(0)〉.
We close this section by discussing relations between expectation values of operators in the eigenstates |χ(M)a 〉 and the mean-
field eigenstates |χa(0)〉. Consider any operator Oˆ that can be written in terms of the fermionic creation and annihilation
operators cˆj and cˆ
†
j and that also commutes with fermion number operator Nˆw, [Oˆ, Nˆw] = 0. Then one can easily show (using
the explicit expression (3.8) for |χ(M)a 〉) that
〈χ(M)a |Oˆ|χ(M)a 〉 = 〈χa(0)|Oˆ|χa(0)〉 , (3.12)
i.e., the expectation value of Oˆ in the eigenstate |χ(M)a 〉 of Hˆ0 is equal to the expectation value of Oˆ in the mean-field state
|χa(0)〉. We can also derive similar relations for operators that do not commute with Nˆw. For example, one can show that
〈χ(M)a |cˆj cˆkeiφˆ|χ(M)a 〉 = 〈χa(0)|cˆj cˆk|χa(0)〉 . (3.13)
The insertion of the phase operator eiφˆ on the left-hand side of this equation allows the expectation value to be non-zero even
for the state |χ(M)a 〉 (which has a fixed total particle number equal to M ).
IV. PROPERTIES OF THE MEAN-FIELD MODEL AT t = ∆ AND µ = 0
In this section we review some basic properties of the mean-field TSC model HˆMF at the special point t = ∆ and µ = 0.
Recall that we used the notation HˆMF,∗ for the mean-field Hamiltonian at this special point. The properties of this model are
well-known in the literature but we find it useful to collect them all in one place here. Our main tool to derive these properties
is the Jordan-Wigner (JW) transformation, which can be used to convert the fermionic wire model to a spin model. The JW
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transformation for the Majorana fermion operators is as follows. We have
aˆj =
∏
k<j
σˆxk
 σˆzj (4.1a)
bˆj =
∏
k<j
σˆxk
 σˆyj . (4.1b)
where the operator σˆaj (for a ∈ {x, y, z}) acts as the Pauli matrix σa on site j and as the identity on all other sites. Using this
transformation we find that iaˆj bˆj = σˆxj and that ibˆj aˆj+1 = σˆ
z
j σˆ
z
j+1. Using these results we find that after the JW transformation
HˆMF,∗ takes the form
HˆMF,∗ = −∆
2
L−1∑
j=1
σˆzj σˆ
z
j+1 , (4.2)
i.e., the JW-transformed Hamiltonian is that of a classical Ising model with open boundaries. It is easy to see that this Hamil-
tonian has two degenerate ground states, namely the states | ⇑〉 and | ⇓〉, where | ⇑〉 is the state of the spin chain with all spins
pointing up (σˆzj | ⇑〉 = | ⇑〉 ∀ j) and | ⇓〉 is the state of the spin chain with all spins pointing down (σˆzj | ⇓〉 = −| ⇓〉 ∀ j). We
also find that the number operator for the fermions on the wire takes the form
Nˆw =
L
2
+
1
2
L∑
j=1
σˆxj . (4.3)
For the system in the spin language we can define an Ising symmetry operator Sˆ by
Sˆ =
L∏
j=1
σˆxj , (4.4)
and we can see that Sˆ2 = 1 and that [Sˆ, HˆMF,∗] = 0. In fact, Sˆ is, up to a possible minus sign, the JW-transform of the fermion
parity operator,
Sˆ = (−1)L(−1)Nˆw . (4.5)
From now on we assume that L is even, and in this case we have Sˆ = (−1)Nˆw . Since physical states have definite fermion
parity, when studying HˆMF,∗ in the spin language we should choose the eigenvectors to also be eigenvectors of Sˆ. This means
that the two degenerate ground states |±〉 of HˆMF,∗ correspond, in the spin language, to the two states
|±〉 = 1√
2
(| ⇑〉 ± | ⇓〉) . (4.6)
We now briefly discuss the excited states of the model. It is clear that excited states in the even or odd parity sectors can be
constructed by acting on the ground states |±〉 with σˆxj operators. In this way one can easily see that the energy gap of HˆMF,∗ in
both the even and odd parity sectors is equal to ∆. The states σˆx1 |±〉 are examples of excited states in the even and odd parity
sectors with the lowest possible energy.
Next, we study the generating functions for expectation values of powers of the operator Nˆw − L2 in the two ground states
|±〉. Note that the operator Nˆw − L2 itself has zero expectation value in the states |±〉. We define the generating functions
f±(τ) = 〈±|eτ(Nˆw−L2 )|±〉 . (4.7)
Using these generating functions, we can compute expectation values of powers of Nˆw − L2 by taking derivatives with respect
to τ ,
〈±|
(
Nˆw − L
2
)p
|±〉 = d
pf±(τ)
dτp
∣∣∣∣∣
τ=0
. (4.8)
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Using the JW-transform we find that
f±(τ) = 〈±|e τ2
∑L
j=1 σˆ
x
j |±〉
= 〈±|
L∏
j=1
[
cosh
(τ
2
)
+ sinh
(τ
2
)
σˆxj
]
|±〉
= 〈±|
[
cosh
(τ
2
)L
+ sinh
(τ
2
)L
Sˆ
]
|±〉
= cosh
(τ
2
)L
± sinh
(τ
2
)L
. (4.9)
Here, to get from the second to the third line, we used the fact that the expectation value of a product of σˆxj ’s in one of the states
|±〉 can only be non-zero if there is a σˆxj for every single site in the wire. We also used Sˆ|±〉 = ±|±〉 to get from the third line
to the fourth line.
For use in the main text, we record here some expectation values of powers of Nˆw − L2 that can be derived using these
generating functions. Let us assume that L > 2. Then we have
〈±|
(
Nˆw − L
2
)
|±〉 = 0 (4.10a)
〈±|
(
Nˆw − L
2
)2
|±〉 = L
4
. (4.10b)
In general, one finds that 〈+|
(
Nˆw − L2
)p
|+〉 = 〈−|
(
Nˆw − L2
)p
|−〉 for p < L. This can be seen from the fact that the
difference of the two generating functions takes the form f+(τ) − f−(τ) = 2 sinh
(
τ
2
)L
, and the first term in the Taylor
expansion of this difference about τ = 0 is of order τL.
We close this section by explaining the connection between the fermion parity of the ground states |±〉 of HˆMF,∗ and the
eigenvalues of the operator iaˆ1bˆL when acting on these states. We again assume that L is even. Using the JW transformation we
find that
iaˆ1bˆL = iσˆ
z
1
L−1∏
j=1
σˆxj
 σˆyL
= σˆz1 σˆ
z
LSˆ . (4.11)
Then, since σˆz1 σˆ
z
L|±〉 = |±〉, we find that
iaˆ1bˆL|±〉 = ±|±〉 , (4.12)
i.e., the operator iaˆ1bˆL is equal to the fermion parity operator (−1)Nˆw within the ground state subspace.
V. PARTICLE NUMBER EXPECTATION VALUES IN MEAN-FIELD MODELS OF SUPERCONDUCTIVITY
In this section we derive rigorous upper bounds on expectation values of powers of the particle number operator Nˆw =∑L
j=1 cˆ
†
j cˆj in ground states of mean-field models of superconductivity. These bounds are an essential ingredient in our proofs
of Theorems 3, 4, and 5. The formalism needed for dealing with general mean-field models of superconductivity (e.g., models
without translation-invariance) can be found in Sec. II of Ref. 3 and in Appendix A of Ref. 4 (note, however, that our conventions
do not match exactly with the conventions in these references). We also require certain general results about complex antisym-
metric matrices. A useful reference for this material in a physics context is Appendix A of Ref. 5 (note that in this reference a
tilde is used to denote the transpose of a matrix or a vector).
Hamiltonians for general mean-field models of superconductivity have the form
HˆMF =
L∑
i,j=1
(
hij cˆ
†
i cˆj +
1
2
∆ij cˆ
†
i cˆ
†
j +
1
2
∆ij cˆj cˆi
)
, (5.1)
where hij and ∆ij are the matrix elements of two L×L matrices h and ∆, and these matrices completely define the model (we
also need hji = hij so that the Hamiltonian is Hermitian). In what follows we also assume that L is even.
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The standard procedure to diagonalize Hamiltonians of this form is to construct lowering operators dˆi that obey [HˆMF, dˆi] =
−Eidˆi, for some energy eigenvalues Ei ≥ 0. The Hamiltonian can then be rewritten as
HˆMF =
L∑
i=1
Eidˆ
†
i dˆi + constant , (5.2)
and the exact form of the constant term will not be important for us here. The dˆi operators take the general form
dˆi =
L∑
j=1
(uij cˆj + vij cˆ
†
j) , (5.3)
where uij and vij are the elements of two new L× L matrices u and v. These matrices are determined by solving the equations
[HˆMF, dˆi] = −Eidˆi for all i. These equations are a generalized version of the Bogoliubov-de Gennes equations, and one can
think of the operator dˆi as a generalized version of a Bogoliubov quasiparticle operator. One can also derive additional relations
that u and v must satisfy so that the dˆi operators obey standard anticommutation relations. In what follows, we assume that these
additional relations are satisfied so that {dˆi, dˆj} = 0 and {dˆi, dˆ†j} = δij .
The even parity ground state |+〉 of HˆMF is defined to satisfy dˆi|+〉 = 0 ∀ i. One can show that this state takes the form
|+〉 = N eGˆ|0〉 , (5.4)
where
Gˆ =
1
2
∑
i,j
gij cˆ
†
i cˆ
†
j , (5.5)
and gij are the elements of a complex antisymmetric matrix g related to the matrices u and v by
g = −u−1v . (5.6)
In addition, |0〉 is the Fock vacuum annihilated by all the cˆj , and N is a normalization factor.
To compute the normalization factor N we use the fact that, for any complex antisymmetric matrix g, there exists a unitary
matrix W such that
WT gW = Λ , (5.7)
where
Λ = diag
{(
0 λ1
−λ1 0
)
,
(
0 λ2
−λ2 0
)
, . . . ,
(
0 λL/2
−λL/2 0
)}
, (5.8)
and where λα ∈ R, λα ≥ 0 for α = 1, . . . , L/2. Note here that we assume that L is even. Let us also label the columns of W by
w1, w˜1, w2, w˜2, . . . , wL/2, w˜L/2. An additional property of the matrix W , which follows from its explicit construction, is that
wα is orthogonal to w˜α for any α, i.e., (wα, w˜α) = 0 where (x, y) =
∑L
i=1 xiyi denotes the standard inner product on CL.
This theorem allows us to write
Gˆ =
L/2∑
α=1
λαCˆ
†
α
ˆ˜C†α , (5.9)
where we defined
Cˆα =
L∑
i=1
wα,icˆi (5.10a)
ˆ˜Cα =
L∑
i=1
w˜α,icˆi , (5.10b)
and wα,i is the ith component of the vector wα. The fact that (wα, w˜α) = 0 for all α then implies that these operators are a set
of L independent complex fermions. In particular, a fermion operator without a tilde anticommutes with any fermion operator
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with a tilde, for example {Cˆα, ˆ˜C†β} = 0. The remaining anticommutation relations are standard, for example {Cˆα, Cˆβ} = 0 and
{Cˆα, Cˆ†β} = δαβ .
This result allows us to rewrite the state |+〉 in the simple “BCS-like” form
|+〉 = N e
∑L/2
α=1 λαCˆ
†
α
ˆ˜C†α |0〉
= N
L/2∏
α=1
[
1 + λαCˆ
†
α
ˆ˜C†α
]
|0〉 . (5.11)
An elementary computation now shows that
〈+|+〉 = |N |2
L/2∏
α=1
[
1 + λ2α
]
, (5.12)
and so we can choose
|N |−2 =
L/2∏
α=1
[
1 + λ2α
]
. (5.13)
Next, we compute the generating function 〈+|eτNˆw |+〉 for expectation values of the particle number operator Nˆw =
∑
j cˆ
†
j cˆj
in the state |+〉. We have
〈+|eτNˆw |+〉 = 〈+|e τ2 Nˆwe τ2 Nˆw |+〉
= |N |2〈0|e τ2 Nˆwe− τ2 NˆweGˆ†e τ2 Nˆwe τ2 NˆweGˆe− τ2 Nˆwe τ2 Nˆw |0〉
= |N |2〈0|e 12
∑L
i,j=1 e
τgij cˆj cˆie
1
2
∑L
i,j=1 e
τgij cˆ
†
i cˆ
†
j |0〉
= |N |2
L/2∏
α=1
[
1 + e2τλ2α
]
=
L/2∏
α=1
[
1 + e2τλ2α
1 + λ2α
]
. (5.14)
We can use this generating function to compute the average number of particles Nw,+ := 〈+|Nˆw|+〉 in the state |+〉, and we
find that
Nw,+ = 2
L/2∑
α=1
λ2α
1 + λ2α
. (5.15)
In particular, it is clear that 0 ≤ Nw,+ ≤ L.
We now derive an upper bound on the expectation value 〈+|(Nˆw −Nw,+)2|+〉, as this upper bound is a crucial ingredient in
our proofs of Theorems 3, 4 and 5. To start, we define the new generating function
F1,+(τ) = 〈+|eτ(Nˆw−Nw,+)|+〉 , (5.16)
and in terms of this function we have
〈+|(Nˆw −Nw,+)p|+〉 = d
pF1,+(τ)
dτp
∣∣∣∣∣
τ=0
. (5.17)
This function satisfies F1,+(0) = 1 and F ′1,+(0) = 0, where the prime denotes a derivative with respect to τ . These two
properties imply that the first few derivatives of F1,+(τ), when evaluated at τ = 0, can be expressed simply in terms of
derivatives (also evaluated at τ = 0) of a new function
F2,+(τ) = ln [F1,+(τ)] . (5.18)
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For example, we find that
F ′′1,+(0) = F
′′
2,+(0) (5.19a)
F ′′′1,+(0) = F
′′′
2,+(0) (5.19b)
F ′′′′1,+(0) = F
′′′′
2,+(0) + 3[F
′′
2,+(0)]
2 . (5.19c)
We only need the second derivative of F2,+(τ) to compute 〈+|(Nˆw −Nw,+)2|+〉, and we find that
F ′′2,+(0) = 4
L/2∑
α=1
λ2α
(1 + λ2α)
2
. (5.20)
We can obtain an upper bound on this quantity by finding the maxima of the function appearing in the sum for λ2α ∈ [0,∞). The
function 4λ
2
α
(1+λ2α)
2 takes on its maximum value of 1 at λ2α = 1, and so F
′′
2,+(0) ≤
∑L/2
α=1 1 =
L
2 . Thus, we find the bound
〈+|(Nˆw −Nw,+)2|+〉 ≤ L
2
. (5.21)
We now turn to the derivation of the analogous bound for the odd parity ground state, which we denote by |−〉. This state is
constructed by acting on |+〉 with the creation operator dˆ†i with the lowest energy Ei. We adopt the convention that this lowest
energy is achieved for i = 1, so that
|−〉 = dˆ†1|+〉 . (5.22)
Note that this state is normalized, 〈−|−〉 = 1, since dˆ1|+〉 = 0. By using the identity
e−Gˆdˆ†1e
Gˆ = dˆ†1 +
L∑
j=1
(vg)1j cˆ
†
j , (5.23)
where v is the complex conjugate of the matrix v, we find that |−〉 can be rewritten in the form
|−〉 = N eGˆ
L∑
j=1
[u1j + (vg)1j ] cˆ
†
j |0〉 . (5.24)
The key property that we now use is that, since the matrix W is unitary, it is possible to rewrite any operator cˆj as a linear
combination of the new complex fermions Cˆα and
ˆ˜Cα. This implies the existence of coefficients Xα and X˜α such that
L∑
j=1
[u1j + (vg)1j ] cˆ
†
j =
L/2∑
α=1
(
XαCˆ
†
α + X˜α
ˆ˜C†α
)
. (5.25)
It turns out that we do not actually need to know the exact expressions for Xα and X˜α for the calculations in the rest of this
section. In terms of these coefficients, we find that |−〉 can be rewritten as
|−〉 = N eGˆ
L/2∑
α=1
(
XαCˆ
†
α + X˜α
ˆ˜C†α
)
|0〉
= N
L/2∑
α=1
(
XαCˆ
†
α + X˜α
ˆ˜C†α
) ∏
β 6=α
[
1 + λβCˆ
†
β
ˆ˜C†β
]
|0〉 , (5.26)
where we expanded eGˆ =
∏L/2
β=1
[
1 + λβCˆ
†
β
ˆ˜C†β
]
and used the fact that all complex fermion operators square to zero.
We now use our new expression for |−〉 to compute the norm 〈−|−〉, and we find that
〈−|−〉 = |N |2
L/2∑
α=1
(
|Xα|2 + |X˜α|2
) ∏
β 6=α
[
1 + λ2β
]
= |N |2
L/2∏
β=1
[
1 + λ2β
] L/2∑
α=1
(
|Xα|2 + |X˜α|2
)
1 + λ2α
=
L/2∑
α=1
(
|Xα|2 + |X˜α|2
)
1 + λ2α
, (5.27)
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where we used Eq. (5.13) for N . Since we already know that 〈−|−〉 = 1, this expression yields the important formula
L/2∑
α=1
(
|Xα|2 + |X˜α|2
)
1 + λ2α
= 1 . (5.28)
This formula will be crucial for the bound that we derive in the rest of this section. It is also the only piece of information about
the coefficients Xα and X˜α that we actually need for our calculations.
Using our new form for |−〉, we can also calculate the generating function 〈−|eτNˆw |−〉. Using manipulations similar to those
used in the derivation of the expression for 〈−|−〉, we find that
〈−|eτNˆw |−〉 = 〈+|eτNˆw |+〉eτQ(τ) , (5.29)
where we defined the function
Q(τ) =
L/2∑
α=1
(
|Xα|2 + |X˜α|2
)
1 + e2τλ2α
. (5.30)
Note also that Eq. (5.28) implies that Q(0) = 1 (one can also see that Q(τ) ≤ 1 for τ ≥ 0). If we define the average
Nw,− := 〈−|Nˆw|−〉 like in the even parity case, then we can define the generating function for expectation values of powers of
Nˆw −Nw,−,
F1,−(τ) = 〈−|eτ(Nˆw−Nw,−)|−〉 , (5.31)
and we find that this can be written as
F1,−(τ) = e(1+Nw,+−Nw,−)τF1,+(τ)Q(τ) . (5.32)
By construction, this generating function has the same properties F1,−(0) = 1 and F ′1,−(0) = 0 as F1,+(τ). We are therefore
led to again define a second generating function F2,−(τ) equal to the logarithm of F1,−(τ), and we find that
F2,−(τ) = ln [F1,−(τ)]
= (1 +Nw,+ −Nw,−)τ + F2,+(τ) + ln [Q(τ)] . (5.33)
We can now compute the desired expectation values of powers of Nˆw − Nw,− by taking derivatives of this second generating
function, just as in the even parity case.
The expectation value that we need for the proofs of Theorems 3, 4 and 5 is
〈−|(Nˆw −Nw,−)2|−〉 = F ′′2,−(0) . (5.34)
Using our explicit expression for F2,−(τ) from above, and using Q(0) = 1, we find that
F ′′2,−(0) = F
′′
2,+(0) +Q
′′(0)− [Q′(0)]2
≤ F ′′2,+(0) +Q′′(0) , (5.35)
where the second line follows immediately from the fact that [Q′(0)]2 is positive. We already know that F ′′2,+(0) ≤ L/2, and so
the only work that remains is to find an upper bound for Q′′(0). The explicit expression for Q′′(0) is
Q′′(0) =
L/2∑
α=1
(
|Xα|2 + |X˜α|2
)( 8λ4α
(1 + λ2α)
3
− 4λ
2
α
(1 + λ2α)
2
)
≤
L/2∑
α=1
(
|Xα|2 + |X˜α|2
)( 8λ4α
(1 + λ2α)
3
)
, (5.36)
where the second line follows after dropping the negative term from the first line. Next, we use the simple inequality
λ2α
1 + λ2α
≤ 1 (5.37)
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in the remaining term to find that
Q′′(0) ≤
L/2∑
α=1
(
|Xα|2 + |X˜α|2
)( 8
1 + λ2α
)
= 8Q(0) = 8 . (5.38)
Thus, we find that
〈−|(Nˆw −Nw,−)2|−〉 ≤ L
2
+ 8 , (5.39)
and this is the last bound that we need for our proofs. Finally, it is important to note here that the leading term in this bound (the
term with the largest power of L) exactly matches the leading term in the analogous bound for the even parity ground state.
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